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ABSTRACT
A theoretical study is presented for the propagation of Dust Ion Acoustic Waves in an
unmagnetized four-component plasma, consisting of Maxwellian negative ions, cold mobile
positive ions, κ-distributed electrons and positively charged dust grains. Based on the
characteristics of Sagdeev pseudopotential and phase portraits, three types of nonlinear
waves are observed — solitons, double layers and supersolitons. The conditions for the
existence of such nonlinear waves are highly sensitive to the plasma parameters. The
results obtained in this study may be of wide relevance in the field of space plasma as
well as ultrasmall semiconductor devices in the laboratory.
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1 Introduction :
The presence of charged dust grains in a plasma not only modifies the existing plasma wave
spectra but also introduces a number of novel eigenmodes, such as the Dust-Ion-Acoustic
(DIAWs) waves [1] — a low frequency analogue of Ion Acoustic Waves — observed both
in laboratory [2, 3, 4] and space environments [5, 6, 7, 8, 9], such as cometary tails, plan-
etary rings, supernovae, pulsars, cluster explosions, active galactic nuclei and interstellar
medium.. Thus DIAWs play a vital role in understanding different types of collective
processes in such dusty plasmas. On the other hand, super nonlinear solitons (or super-
solitons) form an interesting class of special class of solitary waves, theoretically discovered
fairly recently in the last decade [10, 11]. Theoretical studies involving multi-species plas-
mas containing three or more kinds of particles — ranging from the lightest (neutrinos,
electrons, positrons) to the heaviest ones (fullerene ions and charged dust grains) — have
yielded what are called supersolitons, attracting the attention of astrophysicists study-
ing compact astrophysical objects like white dwarfs, neutron stars and black holes [10].
Mathematically, supersolitons are characterized by intriguing features — the associated
Sagdeev pseudopotential V (φ) has at least two local minima, separated by at least one
local maximum, while remaining negative in this region. The minima correspond to the
equilibrium points of the system, while the maximum, where the separatrix intersects
itself, denotes the unstable equibrium or the saddle point. This leads to a characteristic
supersoliton signature in the electric field — the usual simple bipolar shape has an extra
wiggle or fold on each side of the structure [12]. As regards their phase portraits, these
highly nonlinear periodic waves have trajectories enveloping the separatrix, thus indicat-
ing that their total energy is above a certain potential barrier height and the amplitude
cannot be smaller than that of the separatrix. Analogous to solitons, these nonlinear
structures propagate at fixed velocity, without changing form, but with amplitude and
width much greater than those of regular solitons; hence they are termed as supersolitons.
Interestingly, many such features had been observed earlier [13, 14, 15, 16], without
being recognized as supersolitons. Typically, these supersolitary structures occur at wave
speeds above those of double layers. Incidentally, till a few years ago, double layers were
regarded as upper limits for the existence of solitons [17]. However, supersolitons may
appear even without a double layer [18]. In a fairly recent work involving fluid simulation,
it was shown that supersolitons are stable structures, thus increasing the possibility of
their direct observation [19]. In passing, we note that Electron Acoustic supersolitary
waves raise the possibility of their application to the interpretation of satellite observations
of electric field data [20].
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Various scientists have studied nonlinear wave propagation in multi species plasma,
considering different kinds of particles, with special emphasis on supersolitons. For exam-
ple, super IAWs in non-magnetized multispecies plasma containing electrons, positrons,
and two types of ions of the different signs of charge and dust particles [21], electrons,
protons and two types of ions [10], positive and negative charged dust species with non-
extensively distributed electrons and ions [22], negatively charged static dust grains, adi-
abatic warm ions, nonthermal electrons and isothermal / nonthermal positrons [23, 24],
to cite a few. Ion acoustic supersolitons are also observed in magnetized plasma, with a
cold ion fluid, cool Boltzmann electrons and nonthermal energetic hot electrons [25, 26].
Positron-acoustic Gardner solitons and double layers in four-component plasma system
consisting of immobile positive ions, mobile cold positrons, nonthermal hot positrons and
nonthermal hot electrons were studied in ref. [27]. Initially, it was conjectured that plasma
should consist of at least four different types of particles for the existence of supersolitons
[10, 11, 21]. However, later it was shown in a plasma consisting of cold positive and
negative ions, with Cairns-distributed electrons, that the minimum number of species to
support supersolitons is three [28]. Subsequently studies on various plasma models, each
with unique 3-species combintions, give credence to this fact [29, 30, 31, 32, 33]. A review
article by Dubinov and Kolotkov [34] is of particular mention in this regard.
A sizeable number of studies consider Maxwell-Boltzmann distribution for the elec-
trons and ions. However, in general, space plasmas have non Maxwellian distribution
[17]. Various interplanetary missions have confirmed the presence of nonthermal particle
distribution in the solar wind and near Earth space plasma [35, 36, 37]. Cairns et. al.
[38] introduced a theoretical model to represent the effects of non thermal component,
that has been used copiously in theoretical studies of nonlinear structures. In low density
plasma in the Universe, where binary collisions of charges are sufficiently rare, the super
thermal populations may well be described by the κ-velocity distribution function. This
function has a high energy tail deviating from the Maxwellian distribution and decreasing
as a power law in particle speed
ne =
(
1− Φ
κ− 3
2
)−κ+1/2
(1)
where Φ is the electrostatic wave potential normalized by kBTe/e, kB denoting the Boltz-
mann constant and Te representing the electron temperature. The κ value indicates the
spectral index, determining the slope of the energy spectrum of the particles forming the
tail of the velocity distribution function. The critical value of κ where the distribution
function collapses and equivalent temperature is not defined, is κc = 3/2. So κ > 3/2. For
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κ→∞, the distribution reduces to the Maxwellian one. 2 < κ < 6 fits observation from
satellite data in solar wind, terrestrial magnetosphere, terrestrial plasma sheet, plasma
sheets of Mercury, Jupiter, Saturn etc. Various studies have invoked different mechanisms
to explain the physical origin of κ-distribution. Whatever the mechanism, this distribution
is a powerful mathematical tool to fit observational data in space plasmas. Over the years
κ distribution has become increasingly widespread across astrophysical plsma processes,
describing velocity and energy o particles from solar wind and planetary magnetospheres
to heliosheath, beyond to interstellar and intergalactic plasmas [37]. Recent advances in
space physics show thw the connection of κ distribution with statistical mechanics and
thermodynamics, thus enabling us to improve our understanding on the statistical origin
of κ distrobution and develop the possible physical mechanisms that create the required
statistical environment to obtain such distributions in the laboratory.
In this study we shall investigate the propagation of dust ion acoustic waves (DIAWs) in
a collisionless unmagnetized four-species electron-ion dusty plasma, consisting of cold mo-
bile inertial positive ions, Maxwellian negative ions, κ-distributed electrons and positively
charged stationary dust grains. This model has applications not only in astrophysical
environments, but also in ultra small semiconductor devices [39]. In a recent study [40],
the authors found the criteria for the existence of supersolitons, in a plasma consisting
of cold ions and two-temperature Boltzmann electrons. Our main aim here is to look for
small amplitude supersolitons in the present model. In particular, starting from the fluid
equations, we shall apply the reductive perturbation technique to arrive at the Sagdeev
pseudopotential. We shall also plot the pseudopotential, along with corresponding phase
portraits, and search for nonlinear solitary structures like solitons, double layers and su-
persolitons. To ascertain their structure, we shall also plot the associated electric field
profile.
The paper is structured as follows : The basic governing equations are given in Section
2. To have an idea of the linearized waves, the linear dispersion relation is derived in
Section 3. The reductive perturbative analysis is carried out in Section 4, to arrive at an
expressioin for the pseudopotential. Whether this model supports supersolitons following
the criteria given in ref. [40] is investigated in Section 5. Section 6 shows the various plots
for the pseudopotential, phase portraits, wave structure and eletric fields, to have an idea
of the propagating Dust Ion Acoustic waves. Finally, Section 7 is kept for Conclusions
and Remarks.
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2 Nonlinear Governing Equations
As mentioned earlier, in this study we shall investigate the propagation of dust ion acous-
tic waves (DIAWs) in a collisionless four-species electron-ion dusty plasma, consisting of
cold mobile inertial positive ions, Maxwellian negative ions, κ-distributed electrons and
positively charged stationary dust grains. Such a mathematical model of four-component
dusty plasma has a significant importance in different space media such as upper meso-
sphere, comets tails, etc., where the dust in space may be charged due to the effects of
thermionic secondary or photo emissions [22, 41]. The basic normalized fluid equations
for the dust ion acoustic waves are given by
∂np
∂t
+
∂
∂x
(npup) = 0 (2)
∂up
∂t
+ up
∂up
∂x
= −∂Φ
∂x
(3)
along with the Poisson equation
∂2Φ
∂x2
= µe
(
1− Φ
κ− 3
2
) 1
2
−κ
+ µne
αΦ − np − µd (4)
where the different notations denote the following : up is the positive ion fluid speed,
Φ is the normalized electrostatic potential, ne0, np0 and nd0 represent the equilibrium
value number densities of electron, positive ion and dust, respectively, µe = ne0/np0, µd =
Zdnd0
np0
, with Zd being the charge on the dust grains, α = Te/Tn, Te and Tn representing
the electron and negative ion temperatures, respectively. It is worth mentioning here that
space is normalized to the Debye wavelength λD =
√
ε0kbTe
np0e2
, and time is normalized to the
plasma period for positive ions ω−1pp =
(
np0e
2
ε0mip
)−1/2
, mip being the mass of positive ion.
Additionally, all number densities are normalized with respect to the equilibrium density
for positive ion np0, the fluid velocity up is normalized with respect to the ion-acoustic
speed for positive ions cip =
√
kBTe/mip, and the electrostatic potential is normalized by
(kBTe/e). The charge neutrality condition at equilibrium demands
np0 + Zdnd0 = ne0 + nn0 (5)
so that µn = 1−µe+µd. Our next step would be to solve the equations (2) to (4), to have
an insight into the propagation of Dust Ion Acoustic waves in the medium. But before
that we would just like to have an idea about the dispersion relation of the corresponding
linear waves.
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Figure 1: Color Online :Plot of ω vs k, for different κ. The uppermost black dashed curve
is for κ = 4.1, the lowermost dotdashed blue curve is for κ = 2.1. The solid green curve
(second from above) and the dotted red curve (third from above) are for κ = 3.12 and
2.5, respectively. Other plasma parameters are µe = 0.7, µd = 0.19, α = 4
3 Linear Analysis
In order to deduce the linear dispersion relation for the plasma waves, we assume the
following expansions
np,e = 1 + n
(1)
p,e , Φ = Φ
(1) , up = u
(1)
p (6)
with the perturbations n
(1)
p,e, Φ(1) and u
(1)
p proportional to e
i(kx−ωt). Here ω and k are the
wave frequency and wave vector, respectively. After some straightforward algebra, we get
the dispersion relation as :
ω =
k√
k2 + µnα + µe
(
κ−1/2
κ−3/2
) (7)
Thus the linear dispersion relation of the Dust Ion Acoustic waves is quite a simple one.
With the help of Mathematica, we plot the behaviour of ω wrt k in Fig. 1. For very small
wave vector, the frequency, ω, of the linear waves varies linearly with k, and finally reaches
unity. The spectral index κ has very little influence on the linear dispersion relation —
for very low values of κ, the wave frequency ω reaches unity at a slightly greater value of
k.
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4 Reductive Perturbative Analysis
Since our main aim in this study is to look for small amplitude supersolitons, we shall
consider plasma near supercritical composition [43, 44]. The main reason behind this is
the study by Olivier et. al., which showed that supercritical plasma compositions are
related to small amplitude supersolitons [33]. At supercritical plasma composition, the
nonlinear terms in both the resulting KdV and mKdV equations vanish simultaneously
for the same set of plasma parameters. For this purpose, we need to retain fourth order
nonlinear effects in the reductive perturbation expansion [40]. So we introduce stretched
coordinates of the form :
ξ = 3/2(x−Mt) , τ = 9/2t (8)
where M is the linear acoustic phase velocity, and  determines the strength of nonlin-
earity. All physical quantities can be expanded in terms of power series in , about their
equilibrium values, as
np = 1 + n
(1)
p + 
2n(2)p + 
3n(3)p + 
4n(4)p + · · ·
Φ = Φ(1) + 2Φ(2) + 3Φ(3) + 4Φ(4) + · · ·
up = u
(1)
p + 
2u(2)p + 
3u(3)p + 
4u(4)p + · · ·
(9)
with boundary conditions np → 1, up → 0, Φ → 0 as |ξ| → ∞. Plugging in eqns. (8)
and (9) in eqns. (2) to (4), we obtain the different equations in various orders of . In
particular, the continuity equation yields
n(1)p =
1
M
u(1)p
n(2)p =
1
M
{
u(2)p + n
(1)
p u
(2)
p
}
n(3)p =
1
M
{
u(3)p + n
(1)
p u
(2)
p + n
(2)
p u
(1)
p
}
n(4)p =
1
M
{
u(4)p + n
(1)
p u
(3)
p + n
(2)
p u
(2)
p + n
(3)
p u
(1)
p
}
(10)
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whereas the momentum equation gives
u(1)p =
1
M
Φ(1)
u(2)p =
1
M
{
Φ(2) +
1
2
(
u(1)p
)2}
u(3)p =
1
M
{
Φ(3) + u(1)p u
(2)
p
}
∂u
(4)
p
∂ξ
=
1
M
{
∂
∂ξ
Φ(4) + u(1)p
∂u
(3)
p
∂ξ
+
∂u
(1)
p
∂ξ
u(3)p + u
(2)
p
∂u
(2)
p
∂ξ
}
+
1
M
∂u
(1)
p
∂τ
(11)
Combining equations (10) and (11), gives the number density of the positive ion in terns
of the leading order pseudo potential.
n(1)p =
1
M
u(1)p =
1
M2
Φ(1)
n(2)p =
1
M2
Φ(2) +
3
2M4
(
Φ(1)
)2
n(3)p =
1
M2
Φ(3) +
3
M4
Φ(1)Φ(2) +
5
2M6
(
Φ(1)
)3
∂n
(4)
p
∂ξ
=
∂
∂ξ
{
1
M2
Φ(4) +
35
8M8
(
Φ(1)
)4
+
3
M4
Φ(1)Φ(3) +
3
2M4
(
Φ(2)
)2
+
15
2M6
(
Φ(1)
)2
Φ(2)
}
+
2
M3
∂Φ(1)
∂τ
(12)
Next we perform Taylor series expansion of the Poisson equation (4) in terms of the
stretched coordinates in eq. (8), retaining terms up to order 4 :
4Φ
(1)
ξξ + [1 + µd − µe − µn] + 
(
n(1)p − A1Φ(1)
)
+ 2
[
n(2)p − A1Φ(2) −
A2
2
(
Φ(1)
)2]
+3
[
n(3)p − A1Φ(3) − A2Φ(1)Φ(2) −
A3
6
(Φ(1))3
]
+4
[
n(4)p − A1Φ(4) −
A2
2
(
Φ(2)
)2 − A2Φ(1)Φ(3) − A4
24
(
Φ(1)
)4 − A3
2
(
Φ(1)
)2
Φ(2)
]
= 0
(13)
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where each subscript ξ denotes differentiation wrt ξ. In eq. (13) above,
Aj = α
jµn + µe
1
j!
(
κ− 3
2
)j j−1∏
i=0
(
κ− i− 1
2
)
(14)
Putting eq. (12) in eq. (13), and equating each power of  to zero, helps us to determine
the different coefficients Aj for the supercritical plasma composition. For instance, the
zeroth order in  yields the charge neutrality condition at equilibrium, viz., np0 +Zdnd0 =
ne0 + nn0. The first, second and third orders in  give(
A1 − 1
M2
)
Φ(1) = 0 (15)
(
A1 − 1
M2
)
Φ(2) +
1
2
(
A2 − 3
M4
)(
Φ(1)
)2
= 0 (16)(
A1 − 1
M2
)
Φ(3) +
(
A2 − 3
M4
)
Φ(1)Φ(2) +
1
2
(
A3
3
− 5
M6
)
(Φ(1))3 = 0 (17)
Now Φ(1) 6= 0, hence the coefficient of Φ(1) must vanish, so that A1 = 1/M2. This gives
the dispersion law [44]. Putting the coefficients of
(
Φ(1)
)2
and
(
Φ(1)
)3
to zero amounts to
annulment of the quadratic and cubic nonlineraties in the final equation for solitary waves,
so that we are left with quartic nonlinearity. Thus A1 = 1/M
2, A2 = 3/M
4, A3 = 15/M
6,
at the supercritical plasma composition. However, we shall look for nonlinear structures
near the supercritical composition. So we take the A1, A2, A3 values as follows :
A1 =
1
M2
A2 =
3
M4
− 2B2 (say)
A3 =
15
M6
− B3 (say)
(18)
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with B2, B3 being independent of . Differentiating eq. (13), and using eq. (12), the final
eq. is obtained as
4Φ
(1)
ξξξ +
2
M3
4Φ(1)τ +
[

{
1
M2
− A1
}
Φ(1) + 2
{
1
M2
− A1
}
Φ(2)
+2
{
3/M4 − A2
2
}(
Φ(1)
)2
+ 3
{
1
M2
− A1
}
Φ(3) + 3
{
3
M4
− A2
}
Φ(1)Φ(2)
+3
{
15/M6 − A3
6
}(
Φ(1)
)3
+ 4
{
1
M2
− A1
}
Φ(4) + 4
{
3/M4 − A2
2
}(
Φ(2)
)2
+4
{
3
M4
− A2
}
Φ(1)Φ(3) + 4
{
105/M8 − A4
24
}(
Φ(1)
)4
+4
{
15/M6 − A2
2
}(
Φ(1)
)2
Φ(2)
]
ξ
= 0
(19)
Applying conditions in eq. (18) and retaining terms up to order 4, eq. (19) reduces to
an expression for the lowest order of the electrostatic potential Φ(1) :
Φ(1)τ +M
3
[
1
2
Φ
(1)
ξξξ +
B2
2
Φ(1)Φ
(1)
ξ +
B3
4
(
Φ(1)
)2
Φ
(1)
ξ +
(105/M8 − A4)
12
(
Φ(1)
)3
Φ
(1)
ξ
]
= 0
(20)
Going back to the original coordinates
t = −9/2τ , η = (x−Mt) = −3/2ξ (21)
and expressing the electrostatic potential Φ in terms of its lowest order, viz., Φ = Φ(1),
eq. (20) can be cast in the form
Φτ +M
3
[
1
2
Φηηη + aΦΦη + bΦ
2Φη + cΦ
3Φη
]
= 0 (22)
where the coefficients a, b, stand for
a = 2
B2
2
b = 
B3
4
c =
105/M8 − A4
12
(23)
We now try to find wave solutions to the final eq. (22) in the next section.
5 Criteria for existence of supersolitons
To find wave solutions to eq. (22), propagating with speed v, we introduce a moving
reference frame
ζ = η − vt (24)
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v is also referred to as the Mach number. Henceforth we putM = 1 for ease of calculations.
Plugging in eq. (24) in eq. (22), and integrating the resulting equation twice, we arrive
at an energy-like equation
1
2
d
dζ
Φ2 + V (Φ) = 0 (25)
where the Sagdeev pseudopotential V (Φ) is expressed as
V (Φ) = −vΦ2 + a
3
Φ3 +
b
6
Φ4 +
c
10
Φ4 (26)
For supersolitons to exist, the Sagdeev pseudopotential must have three charge-neutral
points Φc, of the same sign, such that ∂V/∂Φ = 0 and V < 0 at Φ = Φc.
∂V
∂Φ
= Φ
{
2v + aΦ +
2
3
bΦ2 +
c
2
Φ3
}
= Φ P3(Φ) (say) (27)
Now the roots of the polynomial P3(Φ) in eq. (27) will give the charge neutral points.
Evidently, Φ = 0 is the charge-neutral point at equilibrium. Hence for supersolitons to
exist, the cubic polynomial P3(Φ) must have three distinct real roots with the same sign.
In ref. [33], the authors have worked out in detail the existence criteria for supersolitons.
In particular they showed that supersolitons can exist only if the parameters a, b, c satisfy
the following relation :
b < 0 , ac > 0 , ac <
8
27
b2 (28)
Furthermore, it is also proved that in such a case, supersolitons exist in a short range of
velocities
vmin < v < vmax (29)
where the lower and upper bounds of velocity are given by :
vmax = v+ (30)
vmin =

vDL if
ac
b2
<
5
18
v− if
5
18
<
ac
b2
<
8
27
(31)
where vDL corresponds to the velocity of a double layer
vDL =
5b
(
5b2 − 27ac
27
)
− 200
(
5b2 − 18ac
180
)3/2
27c2
(32)
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and v± is given as
v± =
2b
27
(
16b2 − 81ac)± (8b2 − 27ac
18
)3/2
27c2
(33)
In passing we note that we have included equations (28) to (33) from ref. [40] to make
our present study self contained.
6 Numerical Plots :
Using Mathematica, we plot the Sagdeev pseudopotential V (Φ), the corresponding phase
portraits, the electric field E and the Dust Ion Acoustic wave for different values of plasma
parameters, obeying criteria (28) for the existence of supersolitons. It is worth mentioning
here that the phase-portrait approach, based on the analysis of separatrices, is a powerful
tool to identify different types of nonlinear waves.
In particular, in Fig. 2 (a), we plot the pseudopotential V (Φ) vs Φ for different values
of the dust concentration µd, and in Fig. 2 (b), the phase portraits for the corresponding
values of the plasma parameters. It is observed that within permissible limits, relatively
lower values of dust concentration gives supersolitons, as shown by the bottom most
dashed red curve (µd = 0.188) and the next higher dotdashed green curve (µd = 0.189).
At some critical value of µd, viz. µdc = 0.19014 the solution is a double layer (shown by the
solid blue curve, third from bottom), beyond which the solutions are solitons (depicted
by the uppermost black curve, with µd = 0.192). The corresponding trajectories in
the phase space, as depicted in Fig. 2 (b), are self explanatory. The closed innermost
orbit, represented by the solid black curve, signifies the regular soliton solution, whereas
the separatrix curve shown in blue refers to the double layer. This trajectory has two
centers corresponding to the two minima in the potential curve. On the other hand,
the dotdashed green and the dashed red closed curves, around that of the double layer
separatrix, represent supersolitons. The closed trajectories (of the supersolitons) in the
phase portrait indicates the existence of an invariant energy in the dynamical system. This
is often referred to as a generalised potential energy, which has a minimum coinciding with
the position of the stable equilibrium point [34]. The amplitudes of these supersolitons can
exceed the size of separatrix curves unlike the regular soliton. This is clear in Fig. 3. The
soliton solution corresponding to the plasma parameter values in Fig. 2 is represented
by the black curve, even in Fig. 3, while the dashed red curve in Fig. 2 yields the
supersoliton. The amplitudes of the soliton and the supersoliton in Fig. 3 match with
those in Fig. 2 (b). In Fig. 4 (a) and 4 (b), we plot the electric field profiles for the
12
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Figure 2: (a) : Plot of V (Φ) vs Φ, for different concentrations of dust grain, for
µe = 0.7, κ = 3.6, α = 4, v = 0.38 (b) : Plot of dΦ/dζ vs Φ for corresponding
different concentrations of dust grain. The black curves are for the highest value of dust
concentration (µd = 0.192) and the red ones for the lowest value (µd = 0.188). The black
curves depict a soliton, the blue ones (µd = 0.19) show a double layer and the green and
red ones show supersolitons.
corresponding supersoliton and soliton. As expected, the electric field of the supersoliton
has an extra wiggle (Fig. 4(a)).
In Fig. 5 (a), we plot the pseudopotentials for varying κ values, keeping other plasma
parameters constant, and in Fig. 5 (b), the corresponding phase portraits. Comparatively
smaller κ value gives a soliton solution shown by the uppermost solid black plot in Fig.
5(a) and innermost closed black curve in Fig. 5 (b). A critical value κc = 3.12 yields a
double layer (solid magenta curve — second from above in Fig. 5a and the separatrix in
Fig. 5b), while relativdely higher values of κ support supersolitons (dot dashed green,
dotted red and dashed blue curves). In Fig. 6 we plot the pseudopotential and phase
portraits for different values of the Mach number v. Once again we observe that the
system supports three types of nonlinear waves depending on the Mach number, provided
it remains within permissible limits — soliton for v = 0.37 shown by the solid black
curves, double layer for a critical value vc = 0.3796 shown by the dotted blue curves,
and supersolitons for v = 0.39 and 0.396, shown by the dashed red and dotdashed green
curves respectively. Plotting the corresponding solitary waves and the electric fields give
results analogous to Figures 3 and 4 respectivly; so are not included here.
7 Conclusions and Remarks :
To conclude, in this study we have investigated the propagation of small amplitude non-
linear Dust Ion Acoustic waves in a four-component plasma, consisting of Maxwellian
13
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Figure 3: Plot showing supersoliton in dotted red and soliton in solid black, for plasma
parameter values for the red and black curves in Fig. 1, respectively.
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Figure 4: (a) : Plot of the electric field E vs ζ, for supersoliton, for the plasma parameter
values for the red dotted curves in Fig. 1. (b) : Plot of E vs ζ for soliton, for the
plasma parameter values for the solid black curve in Fig. 1
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Figure 5: (a) : Plot of V (Φ) vs Φ, for different values of κ. (b) : Plot of dΦ/dζ vs Φ for
corresponding values of κ. κ = 4.1 for dashed blue, κ = 3.7 for dotted red, κ = 3.3 for
dotdashed green, κ = 3.12 for magenta, and κ = 3.0 for solid black curves. Other plasma
parameters are µe = 0.7, µd = 0.19, α = 4, v = 0.39
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Figure 6: (a) : Plot of V (Φ) vs Φ, for different values of v. (b) : Plot of dΦ/dζ vs Φ for
corresponding different values of v. The black curves for v = 0.37 depict solilton, while
the dashed red and dotdashed green curves for v = 0.39 and 0.396, respectively, show
supersolitons. The blue dotted curves at v = 0.3796 show double layer. Other plasma
parameters are µe = 0.7, µd = 0.19, α = 4, κ = 3.6
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negative ions, cold mobile positive ions, κ-distributed electrons and positively charged
dust grains, as those found in astrophysical environments and also in laboratory experi-
ments involving ultrasmall devices. Such studies have attracted attention in recent times
after the theoretical prediction of supersolitary waves in 2012, and subsequent data re-
ceived from space plasmas. The presence of charged dust grains in plasma not only
modifies the existing plasma wave spectra but also introduces a number of novel eigen-
modes, such as the Dust-Ion-Acoustic (DIAWs) waves. These DIAWs play an important
role in understanding different types of collective processes in such plasmas.
Based on the Sagdeev pseudopotential approach, we have studied small amplitude non-
linear structures, in the framework of reductive pertubation theory, with an aim to see if
the system supports supersolitons in some parameter domain. After deriving the pseu-
dopotential, we have plotted the same using Mathematica, for various plasma composi-
tions. We have also plotted the corresponding phase portraits, to have a better insight
into the nonlinear wave propagation. Within a narrow range of plasma parameters, we
observe three types of nonlinear waves — solitons, double layers and supersolitons. Our
plots for the wave solutions as well as electric field profiles agree with our plots for the
pseudopotential and phase portraits. Effectively, our present study reveals the following
features :
• The four-component plasma studied in this work supports three types of Dust Ion
Acoustic waves — solitons, double layers and supersolitons — within a very nar-
row domain of plasma composition, such that the parameters strictly obey certain
constraints.
• Linearization technique fails to reveal the rich structure of the nonlinear waves. The
linearized waves obey a very simple dispersion relation, as shown in Fig. 1. For very
small wave vector, the frequency, ω, of the linear waves varies linearly with k, and
finally reaches unity. The spectral index κ has very little influence on the linear
dispersion relation — for very low values of κ, the wave frequency ω reaches unity
at a slightly greater value of k.
• From each figure depicting the Sagdeev pseudopotential V (Φ) — viz., Figures 2(a),
5(a) and 6(a) — it is observed that V (Φ) always passes through the origin, which
is the unstable equilibrium point.
• As the dust grain concentration decreases, the soliton solutions transform to double
layer at some critical value. Beyond that, the solutions are supersolitons, whose am-
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plitudes increase as the dust concentration decreases further, but within permissible
limits. These are shown graphically in Fig. 2.
• In contrast, for low Mach number values, the solutions are standard solitons. By
increasing the Mach number, keeping all other plasma parameters fixed, a double
layer appears at some critical value, say vc. On further increasing the Mach number,
the nonlinear structures appear as supersolitons, whose amplitudes increase with
increasing Mach number. Fig. 5 validates this observation.
• Similar is the case with κ values — Fig. 6. For small spectral index κ, the solutions
are solitons. Increasing the value of κ keeping other plasma parameters unchanged,
a double layer appears at a critical value, say κc. Increasing the spectral index
further produces supersolitons, of increased amplitude.
• The supersoliton structure is easily identified from the phase portraits plotted in
Figures 2(b), 5(b) and 6(b). Their trajectories are closed ones, enveloping the
separatrix (trajectory of the double layer). This indicates that their toal energy is
above a certain potential height, and their amplitude cannot be smaller than that
of the separatrix.
• Fig. 3 clearly distinguishes a soliton from a supersoliton in terms of width, amplitude
and shape, while the extra wiggle signature in the electric field of supersolitons is
shown in Fig. 4, thus proving beyond doubt that in the system studied here DIAWs
do propagate as supersolitons in some particular combination of plasma parameters.
Thus within a very small parameter domain, such that the conditions for the existence
of supersolitons are satisfied, the interplay between the different plasma parameters play
a very crucial role in determining the nature of the Dust Ion Acoustic waves in the four-
component plasma studied here. In particular, depending on the plasma parameter values,
three different types of nonlinear waves are observed — viz., solitons, double layers and
supersolitons. However, the rich structure is not reflected in the linearized waves.
The present study may be useful in the study of astrophysical and space plasmas
where dust grains play a significant role, and also in laboratory experiments involving
microelectronic devices. As an extension to this work, we plan to incorporate other
factors like viscosity, collisions, etc. in the near future.
17
8 Acknowledgment
One of the authors (A.S.) thanks the Department of Science and Technology, Govt. of
India, for financial assistance, through its grant SR/WOS-A/PM-14/2016.
References
[1] P. K. Shukla and V. P. Silin, Physica Scripta 45, 508 (1992).
[2] Y. Nakamura, IEEE Trans. Plasma Sci. 10, 180 (1982).
[3] Y. Nakamura, J.L. Ferreira and G.O. Ludwig, J. Plasma Phys. 33, 237 (1985).
[4] A. Barkan, N. D’Angelo, and R. L. Merlino, Phys. Rev. Lett. 73, 3093 (1994).
[5] M.C. Bagelmaan, R.D. Blanford and M.J. Rees, Rev. Mod. Phys., 56, 255, (1984).
[6] M. Tribeche, K. Aoutou, S. Younsi and R. Amour, Phys. Plasmas, 16, 072103 (2009).
[7] M. M. Masud, M. Asaduzzaman and A. A. Mamun, J. Plasma Phys., 79, 215 (2012).
[8] B. Ghosh and S. Banerjee, Jour. Astrophys. 2014, 1 (2014),
http://dx.doi.org/10.1155/2014/785670.
[9] A. El-Depsy and M. M. Selim, Eur. Phys. Jour. Plus , 131, 431 (2016).
[10] A. E. Dubinov and D. Yu. Kolotkov, Plasma Phys. Rep. 38, 909 (2012).
[11] A. E. Dubinov and D. Yu. Kolotkov, High Energy Chem. 46, 349 (2012).
[12] F. Verheest, M. A. Hellberg and I. Kourakis, Phys. Plasmas 20, 082309 (2013).
[13] F. Verheest, Phys. Plasmas 16, 013704 (2009).
[14] T. K. Baluku, M. A. Hellberg, and F. Verheest, Europhys. Lett. 91, 15001 (2010).
[15] F. Verheest, Phys. Plasmas 18, 083701 (2011).
[16] A. Das, A. Bandyopadhyay, and K. P. Das, J. Plasma Phys. 78, 149 (2012).
[17] M. A. Hellberg, T. K. Baluku, F. Verheest and I. Kourakis, J. Plasma Phys. 79, 1039
(2013).
[18] S. V. Steffy and S. S. Ghosh, Phys. Plasmas 25, 062302 (2018).
18
[19] A. Kakad, A. Lotekar and B. Kakad, Phys. Plasmas 23, 110702 (2016).
[20] T. Kamalam, S. V. Steffy and S. S. Ghosh, J. Plasma Phys. 84, 905840406 (2018).
[21] A. E. Dubinov and D. Yu. Kolotkov, IEEE Trans. Plasma Sci., 40, 1429 (2012).
[22] S. A. El-Wakil, Essam M. Abulwafa and Atalla A. Elhanbaly, Phys. Plasmas 24,
073705 (2017).
[23] A. Paul, A. Bandyopadhyay and K. P. Das, Plasma Phys. Rep. 45, 466 (2019).
[24] A. Paul, A. Bandyopodhyay and K. P. Das, Phys. Plasmas 24, 013707 (2017).
[25] S. V. Singh and G. S. Lakhina, Commun. Nonlinear Sci. Numer. Simul. 23, 274
(2015).
[26] T. Kamalam and S. S. Ghosh, Phys. Plasmas 25, 122302 (2018).
[27] M. M. Rahman, M. S. Alam and A. A. Mamun, Eur. Phys. Jour. Plus 129, 84 (2014).
[28] F. Verheest, M. A. Hellberg, and I. Kourakis, Phys. Plasmas 20, 012302 (2013).
[29] F. Verheest, M. A. Hellberg, and I. Kourakis, Phys. Rev. E 87, 043107 (2013).
[30] F. Verheest, M. A. Hellberg, and I. Kourakis, Phys. Plasmas 20, 082309 (2013).
[31] S. K. Maharaj, R. Bharuthram, S. V. Singh and G. S. Lakhina, Phys. Plasmas 20,
083705 (2013).
[32] F. Verheest and M. A. Hellberg, Phys. Plasmas 22, 012301 (2015).
[33] C. P. Olivier, F. Verheest and Shimul K. Maharaj, J. Plasma Phys. 83, 905830403
(207).
[34] A. E. Dubinov and D. Y. Kolotkov, Rev. Mod. Plasma Phys. 2, 1 (2018).
[35] V. Pierrard and M. Lazar, Solar Phys. 267, 153 (2010).
[36] G. Nicolaou, G. Livadiotis, C. J. Owen, D. Verscharen and R. T. Wicks, The Astro-
phys. Jou. 864, 1 (2018).
[37] Kappa distribution : Theory and Applications in Plasmas, Ed.George Livadiotis,
Elsevier (2017).
19
[38] R. A. Cairns, A. A. Mamun, R. Bingham, R. Bostro¨m, R. O. Dendy, C. M. C. Nairn
and P. K. Shukla, Geophys. Res. Lett. 22, 2709 (1995).
[39] The Physics of Dusty Plasmas, Proceedings of the Sixth Workshop, La Jolla, Cali-
fornia, USA, (1995), https://doi.org/10.1142/3085; (1996) Edited By: P K Shukla,
D A Mendis and V W Chow.
[40] C. P. Olivier, F. Verheest, and W. A. Hereman, Phys. Plasmas 25 032309 (2018).
[41] O. Rahman, Advances in Astrophysics, 2, 126 (2017).
[42] T. K. Baluku, M. A. Hellberg, and F. Verheest, Europhys. Lett. 91, 15001 (2010).
[43] F. Verheest, J. Plasma Phys. 81, 905810605 (2015).
[44] F. Verheest, C. P. Olivier and W. A. Hereman, J. Plasma Phys. 82, 905820208 (2016).
20
